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This note is a sequel to an earlier paper of the same title that appeared in this 
journal. We consider the distribution of divisors of integers having a fixed 
number of prime factors. 
Let ~(n; k) denote the number of divisors of IZ, prime to k, and let 
~(n; k, h) denote the number of these congruent to h mod k, (h, k) = I. Set 
W,(n) = i (~(n; k, h) - w)‘. 
h=l 
(h.k)=l 
In the previous paper [l], it was shown that 
for Ry < 4, ( y / < 1; here w(n) denotes the number of prime factors of IZ 
counted according to multiplicity, and #k(v) will be defined later in a 
precise statement of this result. We deduced that, for almost all n, 
provided 
k < 2:(1-q,/logloglogz,loglogz, 
* Part I of this paper was published in J. Number Theory 2 (1970), 168-188. 
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thereby obtaining a new proof of a theorem of ErdGs [2]. It is tempting to 
equate coefficients of jl in (I), treating z,!J~( y) as a constant. We obtain 
ng W,(n) - 2t (1 - -) xTp,, x)t-: 
+x, 1 g (t - 1). 
(4 
wln)=t 
i.e., on average, W,(n) is equal to 
In fact, (2) is certainly true for t = 1 by the Prime Number Theorem, 
and in view of the fact that 
4-c k 1) - 4ck);og x . 
The object of this note is to prove (2) when t, k and x tend to infinity 
together. We prove the following 
THEOREM. Given a$xedpositive number A, we have, ifk < (log x)~, that 
c W,(n) - 2t (1 - -&) & (l;l, ;;I-’ (X + co) 
n<e 
w(n)=t 
provided 
( 
loglog x 
t = ’ max(log T, 1) 1 ’ 
Here 
T = T(k) = +&) ; / L(:, .# 
and we shall show at the end of this paper that 
T(k) = O(log2+’ k). (3) 
I imagine that this estimate for T(k) can be improved. However, as we 
are interested in log T, only a fairly drastic improvement on (3) would be 
significant, and at the moment we are unable to give one. For the 
interesting values of k, the bound on t amounts to 
t = o(log, x/log, x), 
and it is likely that o(log, x) is really all that is required. 
6411312-6 
206 HALL 
Proof of the Theorem. By Theorem 4 of [I], we have, for j y 1 < 1 
and Ry =c 4, 
c y~‘“‘w,(n) = 
n<x 
& $h(Y)(lOi3 XP + 0 ( (log;;-2s.)~ 
where the O-notation implies a constant depending only on E, and 
say. Here we have 
H(y) = lim --q-I (Eq, 
s+l m)12w p P” Y 
and 
w, Y, x> = n (1 - Y 
2, 
y)-l = ws, XN” w, Y9 xx 
Note that I-I(y) and L,(s, y, x) are regular for ( y ( < 1 and, in the case 
of L1 , for Rs > 4. They are bounded independently of k. By Cauchy’s 
coefficient formula, 
for any p < $. Taking p = t/2 log log x, this is 
< 
2t z/TX& (loglog x)” 
log2 x t! ’ 
where the < implies a constant depending on E only. Next, 
A,=2 I-- 
( &) ) 
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and we require an estimate for A, . Now for r < 1, 
&=&J 
jw/= y-m-’ 
MY) @ 
r 
1 =- 
2i7r s 
2Y-“wY) 
n ,(--y 
,y,=T W) w + 2Y> p,k P + Y 
provided r < 1. Since / L(1, x)1 is real, the maximum value of I I L(1, x)jzy I 
occurs at either y = &r. Hence 
ATn g cfr’ h&r Y&y *L (I Ul, XY’ + I w, XP). D 
By Lemma 2 of [I], and the Cauchy-Schwarz inequality, we find that 
for r < 1, 
so that 
A, < (;)“-’ T’, 
where T = T(k) satisfies 
& 1 I L(1, x)1-“’ < ( d(k)kT(k) )? 
X#Xo 
for all r E [0, 11. If T < 1, we set r = 1. Otherwise, we select 
( m-1 r=min l,----, log T 1 
so that 
otherwise. 
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We set R = 1 + [log T], if T > 1, and deduce that 
i Am 
(2 loglog q-m 
m=2 (t - m)! 
(log T + 2 loglog x)~-~ + i 
m=R+l 
T (2 p4’ogrn;{“-: 
<< (2 loglog x)- log T exp (t - 2) log T 
(t - 2)! -2 loglog x t 
+ T (2 loglog X)t--R--l 1 _ t 
--(FTC- l)! ii 2 1oglogX 1 
< 2t e%l% 4-l 
[ 
t log T 
(t - l)! 2 loglog x exp ( 
t log T 
z loglog x 
= o 
( 
2t WY&% d--l 
(t - l)! ) 
if 
t = o W% x 
( log T 1 ’ 
This may be interpreted as o(log log x) in case T < 1, when we set 
R = 1. Putting these results together, we find that 
n;s W,(n) - -&- (1 - -&) (lT1” 1;‘1’ 
log x 
w(n)=t 
for the given range of values oft. It remains to find an upper bound for T. 
By Holder’s inequality, we have that 
so that we may set 
T(k) = gq xz, 1 L(:, x)1” . 
This is the result stated. We conclude by obtaining the bound 
T(k) = O((log k)2+E). 
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Proof. Let R be chosen so that L(s, x) f 0 for u 3 1 - R, / t I < 2, 
and let r < R. Then by the Borel-Caratheodory theorem, 
I log w, XII < & A(R) + E I log W + r, x>i, 
where A(R) denotes the maximum real part of log L(s, x) on the circle 
j s - I I = R. Provided L(s, x) has no Siegel zero, we may take 
R = R,/log k. 
Thus 
and 
.4(R) < log (C, log k) < C, + ioglog k 
I log L(1 + r, x)1 < log {(I + r) d log G/r, 
where R, , C, , C, , and C, are absolute constants. Set I = 6R. Then 
I log L(1, x)1 < $ loglog k + s (log ; + loglog k) + C, . 
By a similar argument, when L(s, x) has a Siegel zero, taking 
R = R&Ii3 we have 
11% Ul, XII e & loglog k + s (log f + ; log k) + C, . 
Hence 
T(k) g &#,Z(k) k {,QW+W + +(k)(log2 k)1+56} = 0(log2+’ k). 
This completes the proof. 
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